Introduction
Recently important advances have been made in the description of the analytic torsion of compact Riemannian manifolds with boundary [15] [5] [1] [2] . In particular, in the last two works a formula for the analytic torsion of a compact oriented Riemannian manifold with boundary and absolute or relative boundary conditions was given. On the other side, in a series of works [11] [8] [7] [9], we presented explicit calculations of the analytic torsion of some class of manifolds and pseudomanifolds. In particular formulas for the torsion of a cone over a compact manifold where given. When working with cones, a natural question arises: if we truncate the cone we end up with a manifold. Does the analytic torsion of the cone coincide with some limit of the torsion of the truncated cone? This question was suggested to us by W. Müller, and the answer is given in the Section 5 below, for an odd dimensional section. It turns out that some regularization is necessary, before taking the limit. The divergent terms are topological, in the sense that they come from the R torsion part of the analytic torsion, and non from the boundary term. More precisely, they come from the homology. Is then interesting to observe that the limit of the R torsion after this regularization process coincides with the intersection torsion, as expected, since the cone is in general a pseudomanifold.
The natural way to tackle this question is to compute the Reidemeister torsion of the conical frustum and hence to apply the Cheeger [4] Müller [13] theorem for manifolds with boundary in order to obtain the analytic torsion. Shortly, this means to add the boundary contribution, as described in works of Brüning and Ma [1] [2] . The last step will be to consider the limit case. This is the aim of this note, and is presented in the next four sections. In the last section we describe in details a particular case, namely the frustum over a circle. We present a detailed analysis of this case, that helps in understanding the general process. We also give an explicit calculation of the analytic torsion applying the definition. It is clear that the technique used for the circle admits a straightforward generalization to the case of any section; indeed, explicit calculations are given in the last section of [9] , where however mixed boundary conditions were considered. Also note that the cone over a sphere is a manifold, and hence in this case intersection torsion is replaced by genuine torsion: all the spaces involved in the limit process, namely the frustum and the cone, are regular manifolds; however a regularization is still necessary, since the homology is not trivial.
Geometric setting
Let W be a compact connected oriented m dimensional Riemannian manifold with metric g. The conical frustum (or truncated cone) over W is the product manifold FW = [l 1 , l 2 ]×W , where 0 < l 1 < l 2 , with metric (in the local coordinates (x, y), where y is a local system on W )
The boundary of FW is the disjoint union ∂FW = W 1 W 2 of two copies of the W , W j = (W, l 2 j g), with metric l 2 j g. In order to deal with the R torsion of FW , we need some results on harmonic forms. By Hodge theory, it is clear that H q (FW ) is isomorphic to H q (W ). We need an explicit map. For we study the harmonic forms using the approach of [3] (see also [16] ). It is clear that the formal solutions of the eigenvalues equation on FW and on the cone over W are the same, hence the next lemma follows (see [9] Sections 3.3 and 8.1 for more details and for the notation).
sisting of harmonic, closed and coclosed eigenforms of∆ (q) on W . Let λ q,n denotes the eigenvalue of ϕ
ccl,n and m ccl,q,n its multiplicity. Define α q = 1 2 (1 + 2q − m), µ q,n = λ q,n + α 2 q , and a ±,q,n = α q ± µ q,n . Then, all the solutions of the harmonic equation ∆u = 0, are convergent sums of forms of the following four types (as usual, a tilde denotes operations and quantities relative to the section):
Next, introducing absolute BC (as defined in [18, Section 4] , or see [8, Section 2]): B abs (ω) = 0 if and only if ω norm | ∂W = 0 and (dω) norm | ∂W = 0, we have the following result, whose proof is by direct verification: namely take the four types of forms as given in Lemma 1 and apply absolute BC to each. The unique forms that satisfy the absolute BC are the ψ 
−,1,0 , and this vanishes at x = l 1 and x = l 2 if and only if a −,q,n = q − λ q,n + q 2 = 0. The result for relative BC is similar.
Lemma 2. The space of harmonic forms H q abs (FW ) coincides with the constant normal extension of the forms in
R torsion
In this section we calculate the R torsion of the frustum. For we first review some necessary notation.
3.1. We recall briefly the definition of the torsion of a finite chain complex of finite dimensional F-vectors spaces (where F is a field of characteristic 0)
Let Z q = ker ∂ q , B q = Im∂ q+1 , and H q = Z q /B q . We assume that preferred bases c q = {c q,j } and h q = {h q,j } are given for C q and H q , respectively, for each q. Let b q = {b q,j } be a set of independent vectors in C q with ∂ q (b q ) = 0, and let z q = {z q,j } be a set of independent vectors in Z q with p(z q,j ) = h q,j . Then, considering the sequence
a basis for Z q is given by the basis ∂ q+1 (b q+1 ) of B q and the set z q . We denote this basis by ∂ q+1 (b q+1 ), z q (see [12] for details). By the same argument, the sequence
denote the matrix of the change of basis. Then, the torsion of C is the class
It is easy to see that the torsion is independent of the graded bases b = {b q } and on the lifts z = {z q }, but depends on the graded homology basis h = {h q }. More precisely, τ (C; h) depends on the volume element v = ⊗ m q=0 h q in ⊗ m q=0 Λ rq H q , where r q = rkH q (see for example [14] ), and this explain the notation. Now recall that the cylinder of the complex C is the mapping cylinder of the identity id : C → C, i.e. the complex C q (Cyl(C)) = C q ⊕ C q−1 ⊕ C q with boundarÿ
By construction, Cyl(C) has an homology graded preferred basis, and therefore its Whitehead torsion is well defined. We denote the preferred basis of H q (Cyl(C)) bÿ h q , and we letz q denotes a lift of cycles ofḧ q . Now we have the decomposition B q (Cyl(C)) = Im∂ q+1 = (Im∂ q+1 + ker ∂ q ) ⊕ Im∂ q ⊕ (Im∂ q+1 + ker ∂ q ), and hence a set of independent elements in C q (Cyl(C)) with non trivial image isb
is thenb q ,z q , and a basis for C q (Cyl(C)) is∂ q+1 (b q+1 ),z q ,b q . Reordering and simplifying, we obtain the new basis
This gives (with some care at the higher dimensions)
where i : C → Cyl(C) denotes the inclusion, and for the torsion
3.2. Let (K, L) be a pair of connected finite cell complexes of dimension m, and (K,L) its universal covering complex pair, and identify the fundamental group π = π 1 (K) with the group of the covering transformations ofK. Note that covering transformations are cellular. Let C((K,L); Z) be the chain complex of (K,L) with integer coefficients. The action of the group of covering transformations makes each chain group C q ((K,L); Z) into a module over the group ring Zπ, and each of these modules is Zπ-free and finitely generated with preferred basis given by the natural choice of the q-cells of K −L. Since K is finite it follows that C((K,L); Z) is free and finitely generated over Zπ. We obtain a complex of free finitely generated modules over Zπ that we denote by C((K, L); Zπ). Let ρ : π → O(F, k) be an orthogonal representation of the fundamental group on a F-vector space V of dimension k, and consider the twisted complex
. Then, the torsion of (K, L) with respect to the representation ρ is the class
of F × /{±1}. Next, let W be an m dimensional orientable compact connected Riemannian manifold with metric g and possible boundary ∂W . The torsion of W can be defined taking any smooth triangulation or cellular decomposition of W . Moreover, the volume element v can also be fixed by using the metric structure. More precisely, given a graded orthonormal basis a q for the space of harmonic forms H q (W ), either with absolute or relative BC, and applying the De Rham map (see for example [18] )
, we obtain a preferred homology graded basis h = A(a), that fix the volume element w = A(α), where α is the volume element determined by a. This gives the R torsion of W , and the relative R torsion of (W, ∂W ):
, however in order to compute the R torsion we need to give to each complex the graded homology basis induced by the geometry. For we have at least two approaches: first apply the definition, and second use the exact sequence of the pair (FW, W 2 ). We start with the first approach, and we will sckech the second one at the end of the section.
Let denote by g the Hodge operator in the metric g.
As vector spaces
, denote the the constant extension of ω in H q abs (FW ) byω. Then:
where
By the definition of the De Rham map
g F on FW (see [18] Section 3), we have the following commutative diagram of isometries of vectors spaces (where the † denotes the dual block complex)
Commutativity of the first square follows by the given formula for the Hodge operator and Lemma 2. Commutativity of the other squares follows by construction. For suppose a cell decomposition of W is fixed. Then, a cell decomposition of FW is determined with q-cells either the q-cells of W or the product I × c, where c is a (q − 1)-cell of W . Namely, we are using the direct sum decomposition of the cellular chain complex 
where c † denotes the dual block of a cell c of W , and
, and the unique contributions are
This gives the isomorphisms in the vertical lines of the last square, and their coefficients.
Now realize the imbedding of W in FW as W 2 . Let α q be an orthonormal base for H q (W ). Then, an orthonormal base for
α q , and applying the de Rham maps we obtain 
Then
We have proved the following proposition.
Proposition 1. The R torsion of the conical frustum is:
, where
where r q = rkH q (W ).
We conclude this section with a second proof of Proposition 1. Consider the short exact sequence of chain complexes associated to the pair (FW, W 2 ),
, where the complex T is defined by the long exact homology sequence of the pair, namely
. It is clear that both the relative torsion and the relative homology are trivial. Therefore the torsion of T is given by the graded product of the torsions of the isomorphisms: i * ,q : H q (W ) → H q (FW ). Using the graded homology basis given above, we can now compute the determinants of the change of basis in the vector spaces of the sequence in equation (1) . At H q (W, W 2 ) the determinant is 1, at H q (W 2 ) is 1 and
, where r q is the rank of the homology. Applying the definition of Reidemeister torsion to the complex T , we obtain (where D denotes the determinant of the matrix of the change of basis)
Analytic torsion
Using the works of Brüning and Ma [1] [2], the Cheeger Müller theorem for an oriented compact connected Riemannian n-manifold (M, g) with boundary reads (see [8, Section 6] or [9, Section 2.3] for details on our notation)
where ρ is an orthogonal representation of the fundamental group, and where the boundary anomaly term of Brüning and Ma is defined as follows. Using the notation of [1] (see [9, Section 2.2] for more details) for Z/2 graded algebras, we identify an antisymmetric endomorphism φ of a finite dimensional vector space V (over a field of characteristic zero) with the elementφ =
For the elements φ(v j ), v k are the entries of the tensor representing φ in the base {v k }, and this is an antisymmetric matrix. Now assume that r is an antisymmetric endomorphism of Λ 2 V . Then, (R jk = r(v j ), v k ) is a tensor of two forms in Λ 2 V . We extend the above construction identifying R with the element
This can be generalized to higher dimensions. In particular, all the construction can be done taking the dual V * instead of V . Accordingly to [1] , we define the following forms (where i : ∂M → M denotes the inclusion)
Here, ω and ω 0 are the connection one forms associated to the metrics g 0 and g 1 = g, respectively, where g 0 is a suitable deformation of g that is a product near the boundary. Ω is the curvature two form of g, Θ is the curvature two form of the boundary (with the metric induced by the inclusion), and {e k } n−1 k=0 is an orthonormal base of T M (with respect to the metric g). Then, setting
the anomaly boundary term is
It is not too difficult to see that in the case of the frustum FW , the boundary term A BM (W j ) is independent on l j , either with absolute or relative BC. For let {b k } m k=1 and {e k } m k=0 denote local orthonormal bases of T W and T FW respectively. Then, direct calculations (see [9, Section 3.2], see also Section 6 for an example) give
and Θ jk =Ω jk . On the other side, it is also clear from the definition that the boundary terms on the two boundaries will have either opposite sign or the same sign depending on the dimension m of the boundary. We have the following result.
Lemma 3. The anomaly boundary term on the frustum is: if m is odd
if m is even
Proposition 2. The analytic torsion of the conical frustum is
Limit case
In this section we study the limit case l 1 → 0 + , and the relation with the torsion of the cone C l2 W = FW/W 1 . For we first give the formula for the analytic torsion of the cone (formulas for relative BC follow by duality, as proved in Theorems 1.1 and 1.2 of [9] ). In this section we analyze the case of odd dimensional section, so we assume m = 2p − 1, p > 1; we also assume rk(ρ) = 1.
Theorem 1 ([9]
). The analytic torsion on the cone C l W on an orientable compact connected Riemannian manifold (W, g) of odd dimension 2p − 1 is
A simple calculation (using for example the variational formula for the torsion) shows that
and, by duality
Thus the formula for the analytic torsion of the cone C l2 W reads:
Consider the formula for the R torsion of the frustum given in Proposition 1. It is clear that in the limit l 1 → 0 + the last p terms diverge. This suggests the following approach.
Let (W, g) be an oriented compact connected Riemannian manifold of dimension m. Such a space has a class of distinguished CW decompositions (given by the smooth triangulations). Let K one of these CW decompositions, and let c the preferred graded basis of the chain complex C(W ; V ρ ) given by the cells, as described in Section 3.2. Fix the sets b and z as in Section 3.1, and let A(α) denote the graded basis for homology induced by the metric structure as in Section 3.2, and use the notation
Let K † denote the dual block complex, and K (q) the q-skeleton. It is clear that the p − 1 homology of K (p−1) coincides with the cycles of K, and the bijection is cellular. Consider the torsion
where the z q are cycles projecting onto a basis for H q (K (p−1) ), and w is the induced volume element, as in Section 3.2. We can fix w using the geometry. Since K † is another decomposition of W , there is a common subdivision T of K and K † . The identity maps id : W = |K| → W = |T | and id : W = |K † | → W = |T | are cellular, and hence restrict to maps id (q) :
is a common subdivision of K (q) and (K † ) (q) . It follows that K (q) and (K † ) (q) have the same torsion up to the choice of the homology volume elements, by [12, 7.1] . Consider the chain complex associated to (K † ) (p−1) . Let
2p−1−q , and hence
It is clear that the basis A(α q ) gives an homology basis for −1) ). This basis depends on the b p , however, if we change the set b p by b p , we have
for some field unit k (up to sign). Also, the dual basis change gives the change
It follows that there exists a family B of homology basis of H p−1 (K (p−1) ), but a unique volume element x, such that
This fix the volume element w = x, and with this choice
Back to the frustum, we have that
where the ζ q projects onto an homology basis in B, whose volume element is x. This suggests to consider the factor
For simplicity, we call the above fraction the geometrically regularized R torsion of FW , and we use the notation
It is easy to see that the limit is
and this coincides precisely with the analytic torsion of the cone up to the boundary term. Comparing with Proposition 4.1 of [9] , we see that
where the right end side is the intersection R torsion of the cone [6] [10] . We have proved an analytic definition of the intersection torsion of a cone, namely: Theorem 2. In the limit F W → CW , the geometrically regularized R torsion of the conical frustum F W over an oriented compact connected odd dimensional manifold W gives the Intersection torsion of the cone CW over W .
In order to complete the analysis of the limit case, we need to consider the boundary term. From Section 4 the boundary term of the frustum is
and hence there is a jump discontinuity with
this completes the proof of the following result. Theorem 3. In the limit F W → CW , the geometrically regularized analytic torsion of the conical frustum F W over an oriented compact connected odd dimensional manifold W gives the analytic torsion of the cone CW over W .
The case of a circle
Set F = FS 1 sin α , where S 1 sin α denotes a circle of radius sin α. F is the finite surface in R 3 parametrized by
, and the metric is the metric induced by the immersion g F = dr ⊗ dr + (sin 2 α)r 2 dθ ⊗ dθ. Let K denotes the cellular decomposition of F described in Figure 1 , with subcomplexes L j that are cellular decompositions of W j . LetK be the universal covering complex (that is a cellular decomposition of the spaceF = [l 1 , l 2 ] × R). It is easy to see that the integral cellular chain complex ofK with the fundamental group acting by covering transformations gives the following chain complex of Zπ-modules, where π = π 1 (F) = Z,
with boundaries
Taking the trivial representation ρ 0 : π → O(1, R), and considering the complex of vector spaces C(F; R ρ ) = R × ρ C(F; Zπ), we have H 0 (F; R ρ ) = H 1 (F; R ρ ) = R, H 2 (F; R ρ ) = 0. In order to compute the R torsion, we fix bases for homology. In dimension zero, take 1 ∈ H 0 (F ). Then, 1 = Vol(F) = (l 2 2 − l 2 1 )π sin α, and using the De Rham map A abs 0
In dimension one, consider dθ ∈ H 1 (F), satisfying absolute BC. We have dθ 2 = 2π sin α ln l2 l1 , and we want to apply the De Rham map A abs 1
Using the basis of
1 is a circle with constant r, and
(2π sin α) (2π sin α) 1 2 (c 1,0 − c 1,2 ). Therefore:
and the torsion is
Similar calculations for the pairs (F, ∂F) and (F, W 2 ) give, respectively,
Triviality of the last is expected since this corresponds to the cone relative to a point, up to simple homotopy type. 6.1. Anomaly boundary term. We determine the forms S and B appearing in the definition of A BS,abs (∂F). Since the last is local, and the boundary ∂F = W 1 W 2 is non connected, we consider the three metrics: g F , and g j = dr ⊗ dr + sin 2 αl 2 j dθ ⊗ dθ. In the first metric, an orthonormal basis is e r = 
(where i * j is the inclusion of the boundary W j ), giving The torsion zeta function is t abs/rel (s) = 1 2
abs/rel ), and using the above description of the spectra, after some simplification, we obtain t abs (s) = −t rel (s) = 6.3. Some limits. The geometry of F has at least two natural limit cases: the cone over W 2 , reached for l 1 → 0 + , and the cylinder over W 2 , reached for l 1 = l 2 . We investigate in this section the value of the torsion of F in these two limit cases. The first case is an instance of the general case discussed in Section 5. It is easy to realize that in the limit for l 1 → 0 + , the torsion of the conical frustum diverges. So consider the geometric regularized R torsion (the extension to analytic torsion is straightforward). Then, W = S 
